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,
$I(h, i,j, k, l)= \int_{0}^{1}\int_{0}^{1}\frac{x^{h}(1-x)^{\dot{l}}y^{k}(1-y)^{j}}{(1-xy)^{\dot{l}+j-l}}.\frac{dxdy}{1-xy}$ ( $h,$ $i,j,$ $k,$ $l$ )
$\zeta(2)$ 1 $\mathbb{Q}$ , 2
. ( $\zeta(s)$ Riemann zeta . )
1. $I(h, i,j, k, l)$ $\zeta(2)$




Ap\’ery [1] $\zeta(3)$ Beukers [2]
,
$\int\int_{S}\frac{P(x,y)}{1-xy}dxdy,$ $\int\int\int_{B}\frac{P(x,y)}{1-(1-xy)u}dxdy$ du $(P(x,y)\in \mathbb{Z}[x,y])$
. $S=(0,1)^{2},$ $B=(0,1)^{3}$ . Beuk-
ers . Dvornicich, Viola, , Rhin ([3] [4] [5] [6] [7] [8])
Beukers , Riemann zeta $\zeta(2)$
$\zeta(3)$ .
Rhin Viola 1996 # . ([8])






$I(h, i,j, k, l)=I(i,j, k, l, h)$
.
$\sigma$ : $\{\begin{array}{l}\xi=y\eta=x\end{array}$
$I(h, i,j, k, l)=I(k,j, i, h, l)$
. , $\tau,$ $\sigma$ 5 $\{h, i,j, k, l\}$
ffl .
$\tau=$ $(h i j k l)$ , $\sigma=(h k)(i j)$
. 2 5 , 10 2
$T$ . Rhin Viola ,
.
0.1. (Rhin-Viola)





$\min\{h+i-k, i+j-l,j+k-h, k+l-i, l+h-j\}<0$






$\mathrm{s}\mathrm{g}\mathrm{n}(a)=(-1)^{h+i+j+k+l}$ ( $\mathrm{s}\mathrm{g}\mathrm{n}(a)$ $a$ ).
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(ii) $a_{h,i,j,k,l}=0$ $\min\{h+i-k,$ $i+j-l,$ $j+k-h,$ $k+$
$l-i,$ $l+h-j\}<0$ . ( 0.1(2) )
(iii) $j\geq l$
$|a_{h,:,j,k,l}|= \sum_{s=0}^{l}(\begin{array}{l}ls\end{array})(\begin{array}{l}k+sl+h-j\end{array})(\begin{array}{lll} h k -i+ s\end{array})$
2 $(\begin{array}{l}nr\end{array})$ $n<r$ $r<0$ $(\begin{array}{l}nr\end{array})=0$
.
(i) (iii)
$a_{h,:,j,k,l}=(-1)^{h+:+j+k+l} \sum_{s=0}^{l}(\begin{array}{l}ls\end{array})(\begin{array}{l}k+sl+h-j\end{array})(\begin{array}{lll} h k -i+ s\end{array})$
.
2 Rhin-Viola [8] .
, 5 $\{h, i,j, k, l\}$ 5 $\mathfrak{S}_{5}$
{$I(h,i,j,$ $k,$ $l)|h,$ $i,j,$ $k,$ $l$ } $\}$
$\rho I(h,i,j, k, l)=I(\rho(h),\rho(i),$ $\rho(j),$ $\rho(k),\rho(l))$ $(\rho\in \mathfrak{S}_{5})$
. $\rho\in T$ ,
$\rho I(h,i,j, k, l)=I(\rho(h), \rho(i),\rho(j),\rho(k),\rho(l))=I(h, i,j, k, l)$ .
$T$ .
, .
1. $h,i,j,$ $k,$ $l,$ $h’,$ $i’,j’,$ $H,$ $l’$
$I(h,i,j, k, l)=I(h’,i’,j’, k’, l’)$
, $\rho\in T$
$\rho(h)=h’,$ $\rho(i)=i’,$ $\rho(j)=j’,$ $\rho(k)=k’,$ $\rho(l)=l’$ .
2 , ,
$, \frac{I(h,i,j,k,l)}{I(h,i’,j,k’,l’)},\in \mathbb{Q}$






. $I(h, i, j, k, l)$ .
, $h,$ $i,j,$ $k,$ $l$ .
(i) $I(h, i,j, k, l)>0,$ $I(0,0,0,0,0)=\zeta(2)$ .
(ii) $I(h, i,j, k, l)=I(i,j, k, l, h)=I(j, k, l, h,i)=I(k, l, h,i,j)$
$=I(l, h, i,j, k)=I(l, k,j, i, h)=I(h, l, k,j, i)=I(i, h, l, k,j)$
$=I(j, i, h, l, k)=I(k,j, i, h, l)$ .
(iii) $\min\{h+i-k, i+j-l,j+k-h, k+l-i, l+h-j\}<0$
$I(h, i,j, k, l)\in \mathbb{Q}$ .
(iv) $h>0,j>0$ .
$I(h, i,j, k, l)=I(h-1, i,j-1, k, l)-I(h-1, i+1,j-1, k, l)$ .
. 5 $(h, i,j, k, l)$ $v=$
$(h, i,j, k, l)\in \mathrm{N}^{5}$ . (0, 0, 0, 0, 0) 0
.
1. $v=(h, i,j, k, l)\in \mathrm{N}^{5}$ , $H(v)$
$H(v)=h+i+j+k+l$
.
2. $v=(h, i,j, k, l)\in \mathrm{N}^{5}$ ,
$h>0,j>0$ $[egg2] i>0,$ $k>0$ $[egg3] j>0,$ $l>0$
$[egg4] k>0,$ $h>0$ $[egg5] l>0,$ $i>0$
.
$v$ , $T$ (iv)
. $v$
1 .
3. $v=(h, i,j, k, l)\in \mathrm{N}^{5}$ , $\min\{h+i-k,$ $i+j-$
$l,$ $j+k-h,$ $k+l-i,$ $l+h-j\}\geq 0$ .
.
1. ‘ ” ‘ ”
.
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$v=(h, i,j, k, l)$ [ $I(h,i,j, k, l)$ $I(v)$ .
1. $v\neq 0$ , $v$ . $I(v)\in \mathbb{Q}$ .
. $v$
“$h=0$ $j=0^{n},$ $” i=0$ $k=0$”, $” j=0$ $l=0$”,
“$k=0$ $h=0$”, “$l=0$ $i=0$”
.
-# $h=0$ ,
“$i=0$ $k=0$”, $” j=0$ $l=0$”, $ul=0$ $i=0$”.
$l$ $i$ $h$ } $i=0$ , }
$h=i=0$ “$j=0$ $l=0$”.
$j$ $l$ $h,$ $i$ $j=0$ , $h=i=j=0$
. $v\neq 0$ $k>0$ $l>0$ . $h+i-k<0$
$i+j-l<0$ , $v$ . (iii)
.
1 .
LL ( 1(i)) I(v)\not\in Q, $a=a_{v}\neq 0$ .
$\mathrm{s}\mathrm{g}\mathrm{n}(a_{v})=(-1)^{H(v)}$ (s (a) $l\mathrm{h}a$ (7) ).
. $v=(h, i,j, k, l)$ . $I(v)\not\in \mathbb{Q}$
1 $v=0$ . (i) $I(0)=\zeta(2)$
, .
$v$ , $H(v)$ .
$H(v)\leq 1$ $v$ 0 , $H(v)\geq 2$
. $h>0,j>0$ . (iv)




$a_{h,i_{\dot{\theta}},k,l}\neq 0$ $a_{h-1,:_{\dot{\theta}}-1,k,l}$ $a_{h-1,:+1_{\dot{\theta}}-1,k,l}$
0 , $\mathrm{s}\mathrm{g}\mathrm{n}(a_{h,:_{\dot{\theta}},k,l})=(-1)^{h+:+j+k+l}$ .
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L2. ( 1(ii))
$I(v)\in \mathbb{Q}$ $v$ .
. (iii) . $I(v)\in \mathbb{Q}$
. (i) $v\neq 0$ . $v=(h, i,j, k, l)$
1 . $v$ , $h>0,$ $j>0$
. 1.1 $H(v)\geq 2$ ,
$H(v)$ . (iv)
$I(h, i,j, k, l)=I(h-1, i,j-1, k, l)-I(h-1, i+1,j-1, k, l)$
. 2 $\mathbb{Q}$ ,
1.1 2 $\zeta(2)$ . $I(v)\in \mathbb{Q}$
,
$I(h-1, i,j-1, k, l)\in \mathbb{Q},$ $I(h-1, i+1,j-1, k, l)\in \mathbb{Q}$
.
$\min\{h+i-k-1, i+j-l-1,j+k-h, k+l-i, l+h-j\}<0$ ,
$\min\{h+i-k, i+j-l,j+k-h, k+l-i-1, l+h-j\}<0$ .
$v=(h, i,j, k, l)$ ,









$\omega(v)=\omega(h, i,j, k, l)=|a_{h,i,j,k,l}|=(-1)^{h+i+j+k+l}a_{h,i_{\dot{\theta}\prime}k,l}$
. (iv) $\omega$
$\omega(h, i,j, k, l)=\omega(h-1, i,j-1, k, l)+\omega(h-1, i+1,j-1, k, l)$ $(h>0,j>0)$
. $v=(h, i, j, k, l)$
$\omega(v)$ 2 $\omega$ “ ”
47
, $h$ $j$
, “ $h$ $j$ ” “ 1 3
” .
,
$\omega(h, i,j, k, l)$




L3. $\omega(h, i,j, k, l)$
.
.
, $\omega(h,i,j, k, l)$ [ .
1.4. ( 1(iii)) $j\geq l$
$\omega(h,i,j, k, l)=\sum_{s=0}^{l}(\begin{array}{l}ls\end{array})(\begin{array}{l}k+sl+h-j\end{array})(\begin{array}{lll} h k -i+ s\end{array})$
2 $(\begin{array}{l}nr\end{array})$ $n<r$ $r<0$ $(\begin{array}{l}nr\end{array})=0$
.
. .
Step 1. $\omega(h,i,j,0,0)=\delta:0\delta hj$ .
$\omega(h,i,j, 0,0)=\delta:0\omega(h, 0,j, 0,0)=\delta_{i0}\delta_{hj}\omega(h,0, h, 0,0)$
(iii) .
$\omega(h, 0, h, 0,0)=\sum_{s=0}^{h}(\begin{array}{l}hs\end{array})\omega(0, s, 0,0,0)$
1 3 $h$ . $s>0$
$\omega(0, s, 0,0,0)=0$ $=1$ . Step 1 .
Step 2. $\omega(h, i, 0, k, 0)=\frac{k!}{(h+i-k)!(k-h)!(k-i)!}$ .
. $h,$ $i,$ $k$ 0
Step 1 . $h,$ $i,$ $k\geq 1$ ,
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$h+i+k\ovalbox{\tt\small REJECT} n-1$ $h,$ $i,$ $k$ .
$\omega(h, i, 0, k, 0)$
$=$ $\omega(h-1, i, 0, k-1,0)+\omega(h-1,i-1,0, k-1,0)+\omega(h, i-1,0, k-1,0)$
.
Step 2 .
Step 3. $\omega(h, i,j, k, 0)=(\begin{array}{lll} h h +i- k\end{array})(\begin{array}{l}kj+k-h\end{array})$ .
$i>k$ $j>h$ 2 0
. $i\leq k,$ $j\leq h$ . 1 3 $j$ ,
Step 2 .
$\omega(h, i,j, k, 0)$ $=$ $\sum_{s=0}^{j}(\begin{array}{l}js\end{array})\omega(h-j, i+s, 0, k, 0)$
$=$ $\sum_{s=0}^{j}(\begin{array}{l}js\end{array})\frac{k!}{(h+i-j-k+s)!(j+k-h)!(k-i-s)!}$
$=$ $\frac{k!}{(h+i-k)!(j+k-h)!(k-i)!}$
. $\sum_{s=0}^{j}(\begin{array}{l}js\end{array})(h +i-j-s k) (k -is)\cdot(j-s)!s!$
$=$ $\frac{j!k!}{(h+i-k)!(j+k-h)!(k-i)!}\sum_{s=0}^{j}(h +i-j-s k) (k -is)$
$=$ $\frac{j!k!}{(h+i-k)!(j+k-h)!(k-i)!}(\begin{array}{l}hj\end{array})$
$=$ $(\begin{array}{lll} h h +i- k\end{array})(\begin{array}{l}kj+k-h\end{array})$ .
Step 3 .
Step 4. $\omega(h, i,j, k, l)=\sum_{s=0}^{l}(\begin{array}{l}ls\end{array})(\begin{array}{l}k+sl+h-j\end{array})(\begin{array}{lll} h k -i+ s\end{array})$
$j\geq l$ , 3 5 $l$ , Step
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3 .
$\omega(h,i,j, k, l)$ $=$ $\sum_{s=0}^{l}(\begin{array}{l}ls\end{array})\omega(h,i,j-l, k+s,0)$
$=$ $\sum_{s=0}^{l}(\begin{array}{l}ls\end{array})(\begin{array}{lll} k+s j+k -l- h+s\end{array}) (\begin{array}{lll} h h +i- k-s\end{array})$
$=$ $\sum_{s=0}^{l}(\begin{array}{l}ls\end{array})(\begin{array}{l}k+sl+h-j\end{array})(\begin{array}{lll} h k -i+ s\end{array})$
.
1.1 1.4 $I(h, i,j, k, l)$ $\zeta(2)$
$a_{h,i,j,k,l}=(-1)^{h+:+j+k+l} \sum_{s=0}^{l}(\begin{array}{l}ls\end{array})(\begin{array}{l}k+sl+h-j\end{array})(\begin{array}{lll} h k -i+ s\end{array})$
.




2 2 (Rhin-Viola )




. $(h, i,j, k, l)$ ,
$h+i-k,$ $i+j-l,j+k-h,$ $k+l-i,$ $l+h-j$
.
10 i $\{h, i,j, k, l, h+i-k, i+j-l,j+k-h, k+l-i, l+h-j\}$
$\varphi$
$\varphi=$ $(h i+j-l)(i l+h-j)(j+k-h k+l-i)$
, $\varphi$ $I(h, i,j, k, l)$
$\varphi I(h, i,j, k, l)=I(i+j-l, l+h-j,j, k, l)$
50
, $\varphi I(h, i, j, k, l)$ [ $I(h, i,j, k, l)$
. $\tau,$ $\sigma$ 10
$\tau=$ $(h i j k l)(h+i-k i+j-l j+k-h k+l-i l+h-j)$
$\sigma=$ $(h k)(i j)(j+k-h h+i-k)(k+l-i l+h-j)$
, 10 $\varphi,$ $\tau,$ $\sigma$ 5 $\Phi$
.
, $\Phi$ $I$ ( $h$ , , $k,$ $l$ ) ,
. $T$
. . $([8],\mathrm{p}.43)$
1. $h,$ $i,j,$ $k,$ $l,$ $h’,$ $i’,j’,$ $k’,$ $l’$
$I(h, i,j, k, l)=I(h’, i’,j’, k’, l’)$
, $\rho\in T$
$\rho(h)=h’,$ $\rho(i)=i’,$ $\rho(j)=j’,$ $\rho(k)=k’,$ $\rho(l)=l’$ .
2. $(h, i,j, k, l)$ $(h’, i’,j’, k’, l’)$ .
$, \frac{I(h,i,j,k,l)}{I(h,i’,j,k’,l’)},\in \mathbb{Q}$
, $\chi\in\Phi$
$\chi(h)=h’,$ $\chi(i)=i’,\chi(j)=j’,$ $\chi(k)=k’,$ $\chi(l)=l’$ .
, .







$T$ 5 , 6 1
. $\Phi$ $H(v)=h+i+j+k+l$
2 2
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